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DIVISIBILITY GRAPH FOR SYMMETRIC AND ALTERNATING
GROUPS
ADELEH ABDOLGHAFOURIAN AND MOHAMMAD A. IRANMANESH
Abstract. Let X be a non-empty set of positive integers and X∗ = X \ {1}.
The divisibility graph D(X) has X∗ as the vertex set and there is an edge
connecting a and b with a, b ∈ X∗ whenever a divides b or b divides a. Let
X = cs(G) be the set of conjugacy class sizes of a group G. In this case, we
denote D(cs(G)) by D(G). In this paper we will find the number of connected
components of D(G) where G is the symmetric group Sn or is the alternating
group An.
1. Introduction
There are several graphs associated to various algebraic structures, especially
finite groups, and many interesting results have been obtained recently, as for ex-
ample, in [1, 5, 8, 14].
Let X be a set of positive integers and X∗ = X\{1}. Mark L. Lewis in [13] intro-
duced two graphs associate with X , the common divisor graph and the prime vertex
graph. The common divisor graph Γ(X) is a graph with vertex set V (Γ(X)) = X∗,
and edge set E(Γ(X)) = {{x, y} : gcd(x, y) 6= 1}. Note that gcd(x, y) denotes the
greatest common divisor of x, y. The prime vertex graph ∆(X) is a graph with
vertex set V (∆(X)) = ρ(X) =
⋃
x∈X pi(x), where pi(x) is the set of primes dividing
x and edge set E(∆(G)) = {{p, q} : pq divides x, x ∈ X}.
Praeger and the second author defined a bipartite graph B(X) in [11] and elu-
cidated the connection between these graphs. The bipartite divisor graph B(X) is
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a graph with the vertex set V (B(X)) = ρ(X)
⋃
X∗, and the edge set E(B(X)) =
{{p, x} : p ∈ ρ(X), x ∈ X∗ and p divides x}.
Recently A. R. Camina and R. D. Camina in [6] introduced a new directed graph
(or simply a digraph) using the notion of divisibility of positive numbers. The di-
visibility digraph
−→
D(X) has X∗ as the vertex set and there is an arc connecting
(a, b) with a, b ∈ X∗ whenever a divides b. It is clear that the digraph
−→
D(X) is not
strongly connected (where by strongly connected digraph we mean a digraph such
that there exists a directed path between any of two vertices). So it is important
to find the number of connected components of its underlying graph. We denote
the underlying graph of
−→
D(X) by D(X). By the diameter of a graph Ω, diam(Ω),
we mean the maximum diameter of its connected components.
For a finite group G and g ∈ G, let gG = {x−1gx : x ∈ G} be the conjugacy
class of g in G and cs(G) = {|gG| : g ∈ G} be the set of conjugacy class sizes of
G. If δ is a permutation, then the cycle decomposition of δ is its expression as
a product of disjoint cycles. It is interesting to investigate the properties of the
prime vertex graph, the common divisor graph, the bipartite divisor graph and
the divisibility graph when X = cs(G). In this case we denote Γ(cs(G)), ∆(cs(G)),
B(cs(G)) andD(cs(G)) by Γ(G),∆(G), B(G) andD(G) respectively. For properties
of Γ(G),∆(G) and B(G) we refer to [2, 3, 8, 12].
In this paper we investigate the graph D(G) where G is the symmetric group Sn
or the alternating group An. Note that two vertices a, b of this graph are adjacent
if either a divides b or b divides a. Let δ ∈ Sn. Suppose that there are ki cycles
of length mi (1 ≤ i ≤ r) in the cycle decomposition of δ, such that mi 6= 1 and
mi 6= mj, for 1 ≤ i, j ≤ r, then we denote it by δ = [1
t,mk11 , ...,m
kr
r ] where
t = n−
∑r
i=1 kimi. Also we denote the vertex corresponding to |g
G| in D(G) by
vg. Throughout the paper, p is a prime number.
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In Section 2 we recall some basic lemmas and theorems which we need in the
next sections. In Section 3 we will find the number of connected components of
D(Sn). The main theorem of this section is Theorem 10. In Section 4 we will find
the number of connected components of D(An). The main theorem of this section
is Theorem 16.
2. preliminaries
In this section we recall some basic technical facts that we will use later. See [4,
Chapter 13], [7, Chapter 4] or [9, p.131] for proofs and details.
Lemma 1. Suppose that δ = [1t,mk11 , ...,m
kr
r ] where t = n−
∑r
i=1 kimi, then
|CSn(δ)| = (
∏r
i=1 ki!mi
ki)t!.
Lemma 2. Let δ ∈ An, then there is an odd permutation in CSn(δ) if and only if
|CSn(δ)| = 2|CAn(δ)|.
Corollary 3. Let δ ∈ An. Then either |δ
Sn | = |δAn | or |δSn | = 2|δAn |.
Lemma 4. Let δ ∈ An fixes at least two points. Then |CSn(δ)| = 2|CAn(δ)| and
|δAn | = |δSn |.
Lemma 5. Suppose that δ = [1t,mk11 , ...,m
kr
r ] and t ≤ 1. If there exists i such
that mi is even or there exists i such that mi is odd and ki ≥ 2, then |CSn(δ)| =
2|CAn(δ)| and |δ
An | = |δSn |.
By Lemma 4 and Lemma 5 we have the following corollary.
Corollary 6. If δ = [1t,m11, ...,m
1
r] ∈ An, each mi is odd and t ≤ 1, then we
have |CAn(δ)| = |CSn(δ)| and |δ
An | = 12 |δ
Sn |. For other cases, we have |CAn(δ)| =
1
2 |CSn(δ)| and |δ
An | = |δSn |.
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Lemma 7. Let x =
∑r
i=1 kimi, then
∏r
i=1 ki!mi
ki divides x!. In addition ifmi ≥ 3,
for some 1 ≤ i ≤ r, then 2
∏r
i=1 ki!mi
ki divides x!.
Proof. We prove this lemma by induction on r. Let r = 1, then
x! =
k1m1−1∏
i=0
(k1m1 − i) = k1!m
k1
1
k1m1−1∏
i=1
m1∤i
(k1m1 − i).
If m1 ≥ 3, then 2 divides
k1m1−1∏
i=1
m1∤i
(k1m1 − i). Therefore 2k1!m
k1
1 divides x!.
Suppose that r = t. So x =
∑t
i=1 kimi = x
′ + ktmt where x
′ =
∑t−1
i=1 kimi.
Since
(
x
ktmt
)
∈ N, we conclude that x′!(ktmt)! divides x!. By induction hypothesis
∏t−1
i=1 ki!mi
ki divides x′! and kt!m
kt
t divides (ktmt)!. Let mi ≥ 3 for some 1 ≤ i ≤ r.
Then, without loss of generality, we may assume mt ≥ 3. So 2kt!m
kt
t divides
(ktmt)!. Therefore 2
∏t
i=1 ki!mi
ki divides x!. 
Remark 8. Let G be a finite group and x ∈ G. It is clear that CG(x) ≤ CG(x
m) for
every natural number m. So |(xm)G| divides |xG|. This means that vx is adjacent
to vxm in D(G).
3. Divisibility graph for Sn
In this section we investigate the number of connected components of D(Sn). We
will prove that D(Sn) has at most two connected components. If it is disconnected,
then one of its connected components is an isolated vertex, that is, a copy of K1.
It is easy to see that both D(S1) and D(S2) are null graphs, that is, have no
vertices. Also for n = 3, 4 and 5, D(Sn) has two connected components (see
Figure 1).
Lemma 9. Let 1 6= δ ∈ Sn, n > 2 and p ≥ n− 1. Then p divides |CSn(δ)| if and
only if δ is a cycle of length p, that is, δ = [1, p] or δ = [p].
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D(S5)
v(1 2 3 4)(= 6)
v(1 2)(3 4)(= 3)
v(1 2 3)(= 8)
D(S4)
v(1 2 3)(= 2)
v(1 2)(= 3)
D(S3)
v(1 2)(= 10) v(1 2)(3 4)(= 15)
v(1 2 3)(= 20) v(1 2 3 4)(= 30)
v(1 2 3 4 5)(= 24)
Figure 1. The graph D(Sn) for n = 3, 4 and 5.
Proof. First suppose p divides |CSn(δ)|. Assume, to the contrary, that δ = [1
t,mk11 ,
· · · ,mkrr ] is not a p-cycle. By Lemma 1, |CSn(δ)| = (
∏r
i=1 ki!mi
ki)t!. Since p divides
|CSn(δ)|, then either p divides t! or there exists j such that p divides mj or kj !.
First assume that p divides mj. In this case we conclude that p = mj. Hence δ is a
cycle of length p which is a contradiction. Now suppose that p divides kj !. Since p
is prime, we have kj ≥ p ≥ n−1. Thus kjmj ≥ 2n−2 > n, which is a contradiction
too. Finally if p divides t!, then t = n−
∑r
i=1 kimi ≥ p ≥ n− 1, a contradiction.
For the other direction, note that if δ is a cycle of length p then |CSn(δ)| =
p(n− p)!. 
Theorem 10. Let 1 6= δ ∈ Sn and n > 6. If δ is a p-cycle where p ≥ n − 1,
then vδ is an isolated vertex of D(Sn). The other vertices are in a single connected
component.
Proof. First suppose that δ is a cycle of length p = n− i where i ∈ {0, 1}. Assume,
to the contrary, that vδ has a neighbor, say vδ′ , where the cycle decomposition of δ
′
is not similar to δ and |CSn(δ
′)| = x. Then n− i divides x, which is a contradiction
by Lemma 9. Therefore in this case vδ is an isolated vertex of D(Sn).
Let vτ be the vertex ofD(Sn) corresponding to an arbitrary transposition namely
τ . We prove that there exists a path between other arbitrary vertices of D(Sn) and
vτ by using Lemma 1 and Lemma 7. Since for every δ ∈ Sn there exists a natural
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numberm such that δm = [1t, pt
′
], by Remark 8 it is enough to consider δ = [1t, pt
′
].
So we have to consider three possible cases as follows:
(i) δ = [1n−2k, 2k] and k ≥ 2.
Let δ′ = [1n−2k, 41, 2(k−2)],
|CSn(δ)|
|CSn(δ
′)|
=
2kk!(n− 2k)!
4(k − 2)!2k−2(n− 2k)!
= k(k − 1) ∈ N.
Since |CSn(δ
′)| divides |CSn(δ)|, we conclude |δ
Sn | divides |δ′Sn |. Hence vδ is adja-
cent to vδ′ . Also by Lemma 7, there exists a positive integer s such that
|CSn(τ)|
|CSn(δ
′)|
=
2(n− 2)!
4(k − 2)!2k−2(n− 2k)!
=
(n− 2)!
2k−1(k − 2)!(n− 2k)!
=
(
n− 2
2(k − 1)
)
s ∈ N.
So vδ′ is adjacent to vτ and there is a path of length two between vδ and vτ .
(ii) δ = [1n−kp, pk], p 6= 2 and kp ≤ n− 2.
Let δ′ = (α β)δ, where α and β are two points fixed by δ. So δ′ = [1n−kp−2, 21, pk]
and we obtain
|CSn(δ)|
|CSn(δ
′)|
=
k!pk(n− kp)!
2.k!pk.(n− kp− 2)!
=
(n− kp)(n− kp− 1)
2
∈ N.
Hence vδ is adjacent to vδ′ . Also by Lemma 7, there exists a positive integer s such
that
|CSn(τ)|
|CSn(δ
′)|
=
2(n− 2)!
2k!pk(n− kp− 2)!
=
(n− 2)!
k!pk(n− kp− 2)!
=
(
n− 2
kp
)
s ∈ N.
So there is a path of length 2 between vδ and vτ .
(iii) δ = [1n−pk, pk], p 6= 2 and kp > n− 2.
In this case we have the following three subcases:
1) k ≥ 3.
Let δ′ = [1n−pk, (2p)1, p(k−2)],
|CSn(δ)|
|CSn(δ
′)|
=
k!pk(n− kp)!
2p(k − 2)!pk−2(n− kp)!
=
pk(k − 1)
2
∈ N.
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Again we can conclude that |δSn | divides |δ′Sn | and so vδ is adjacent to vδ′ . Since
p 6= 2, we have (k− 1)p < kp− 2. Therefore ((k− 1)p)! divides (kp− 2)!. Hence by
this fact and Lemma 7, we can find positive integers s and s′ such that
|CSn(τ)|
|CSn(δ
′)|
=
2(n− 2)!
2p(k − 2)!pk−2(n− kp)!
=
(n− 2)!
(k − 2)!pk−1(n− kp)!
=
(k − 1)(n− 2)!
(k − 1)!pk−1(n− kp)!
=
s(k − 1)(n− 2)!
((k − 1)p)!(n− kp)!
=
ss′(k − 1)(n− 2)!
(kp− 2)!(n− kp)!
= ss′(k − 1)
(
n− 2
kp− 2
)
∈ N.
This means that vδ′ is adjacent to vτ and there exists a path of length two between
vδ and vτ .
2) k = 2.
Let δ′ = [1n−p, p1]. Since p > 2, there exists a positive integer s such that
|CSn(δ
′)|
|CSn(δ)|
=
p(n− p)!
2p2(n− 2p)!
=
(n− p)!
2p(n− 2p)!
=
(
n− p
p
)
s ∈ N.
Thus we can conclude |δ′Sn | divides |δSn |. Hence vδ is adjacent to vδ′ . Also p ≤ n−2,
so by case(ii) there is a path of length two between vδ′ and vτ .
3) k = 1.
In this case δ is a p-cycle. So by Lemma 9, vδ is an isolated vertex. 
Corollary 11. D(Sn) has at most two connected components. If it is disconnected
then one of its connected components is K1.
Proof. We know that for n ≥ 6, at most one of n or n−1 is a prime. By Theorem 10
and Figure 1, we obtain the result. 
4. Divisibility graph for An
In this section we consider the divisibility graph for the alternating group An.
We will show that D(An) has at most three connected components and if it is
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disconnected then two of its connected components are K1. We denote |CAn(δ)| =
(12 )
♯x when we do not know whether |CAn(δ)| =
1
2x or |CAn(δ)| = x for some x ∈ N.
Remark 12. It is easy to see that D(A1), D(A2) and D(A3) are null graphs. By
using GAP [10] one can see that for n = 4, 5, 6, 7 and 8, D(An) has at most three
connected components (see Figure 2).
In the rest of this section let n ≥ 9.
Lemma 13. Let 1 6= δ ∈ An and p ≥ n− 2. Then p divides |CAn(δ)| if and only
if δ is a cycle of length p, that is, δ = [12, p], δ = [1, p] or δ = [p].
Proof. First we assume that p divides |CAn(δ)|. Suppose, to the contrary, that
δ = [1t,mk11 , ...,m
kr
r ] is not a p-cycle. By Lemma 1, Lemma 2 and Corollary 6,
|CAn(δ)| = (
1
2 )
♯(
∏r
i=1 ki!mi
ki)t!. Since p divides |CAn(δ)| we conclude that either
p divides t! or there exists j such that p divides mj or kj !. If p divides either
mj or kj !, then a similar argument to the proof of Lemma 9 shows that in this
case either p = mj or kjmj ≥ 2n − 4 > n, which is a contradiction. If p divides
t! = (n −
∑r
i=1 kimi)!, then
∑r
i=1 kimi ≤ 2. Hence δ should be a transposition,
which is a contradiction too.
Now let δ be a cycle of length p. Note that p is an odd number and every cycle
of length p is an even permutation. In this case |CAn(δ)| = (
1
2 )
♯p(n− p)!. Hence p
divides |CAn(δ)|. 
Before proving the main theorem of this section we shall prove two lemmas.
Lemma 14. Let 1 6= δ = [1t,mk11 , ...,m
kr
r ] ∈ An. If there exists j such that kj = 1
and mj = 3 then vδ is adjacent to v(1 2 3) in D(An).
Proof. Without loss of generality we may assume that k1 = 1 and m1 = 3. Let
x =
∑r
i=1 kimi. By Corollary 6 and Lemma 7, there exists a positive integer s such
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v(1 2 3)(= 3)
v(1 2)(3 4)(= 4)
v(1 2 3 4 5)(= 12)
v(1 2)(3 4)(= 15)
v(1 2 3)(= 20)
v(1 2)(3 4)(= 45)
v(1 2 3 4)(5 6)(= 90)
v(1 2 3)(= 40)
v(1 2 3 4 5)(= 72)
v(1 2 3)(= 70) v(1 2)(3 4)(= 105)
v(1 2 3)(4 5)(6 7)(= 210)
v(1 2 3)(4 5 6)(= 280)
D(A4) D(A5) D(A6)
v(1 2 3 4)(5 6)(= 630)
v(1 2 3 4 5 6 7)(= 360)
v(1 2 3 4 5)(= 504)
v(1 2)(3 4)(5 6)(7 8)(= 105) v(1 2)(3 4)(= 210)
v(1 2 3 4 5)(6 7 8)(= 1344)
v(1 2 3)(4 5 6)(= 1120)
v(1 2 3 4 5 6)(7 8)(= 3360)
v(1 2 3 4)(5 6)(= 2520) v(1 2 3 4)(5 6 7 8)(= 1260)
v(1 2 3)(4 5)(6 7)(= 1680)
v(1 2 3)(= 112)
v(1 2 3 4 5 6 8)(= 2880)
D(A8)
D(A7)
Figure 2. The graph D(An) for n = 4, 5, 6, 7 and 8.
that
|CAn((1 2 3))|
|CAn(δ)|
=
1
2 .3.(n− 3)!
(12 )
♯.3.(
∏r
i=2 ki!mi
ki)(n− x)!
=
(n− 3)!
(2)♯(
∏r
i=2 ki!mi
ki)(n− x)!
=
(
n− 3
x− 3
)
s ∈ N.
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Note that by Corollary 6, if 2 appears in denominator then we would have t ≤ 1,
ki = 1 and mi odd for 1 ≤ i ≤ r. Since n ≥ 9, there exists i such that mi ≥ 5, so
by Lemma 7, we can remove “2” from the denominator.
Thus |CAn(δ)| divides |CAn((1 2 3))|. Therefore |(1 2 3)
An | divides |δAn |. So vδ
is adjacent to v(1 2 3). 
Lemma 15. Let 1 6= δ = [1t,mk11 , ...,m
kr
r ] ∈ An. If t ≥ 3 and for each i, mi 6= 3
then there is a path of length two between vδ and v(1 2 3) in D(An).
Proof. Let δ′ = (α β γ)δ, where α, β and γ are three points fixed by δ. By
Corollary 6,
|CAn(δ)|
|CAn(δ
′)|
=
1
2 (
∏r
i=1 ki!mi
ki)t!
(12 )
♯.3.(
∏r
i=1 ki!mi
ki)(t− 3)!
=
t(t− 1)(t− 2)
(2)♯.3
∈ N.
This implies that |CAn(δ
′)| divides |CAn(δ)| and hence |δ
An | divides |δ′An |. So vδ
is adjacent to vδ′ and by Lemma 14, vδ′ is adjacent to v(1 2 3). 
Theorem 16. Let 1 6= δ ∈ An. If δ is a p-cycle where p ≥ n − 2 then vδ is an
isolated vertex of D(An). The other vertices are in a single connected component.
Proof. First we show that if δ is a cycle of length p where p ≥ n− 2, then vδ is an
isolated vertex. Let p = n − i for i ∈ {0, 1, 2}. Then |CAn(δ)| = n − i. Suppose
vδ has a neighbor say vδ′ , such that the cycle decomposition of δ
′ is not the same
as δ. Let |CAn(δ
′)| = x. In this case it is easy to see that n− i divides x which is
impossible by Lemma 13.
Now we are ready to show that the other vertices of D(An) are all in the same
connected component. We show that there exists a path between any other ar-
bitrary vertex and the vertex corresponding to an arbitrary 3-cycle namely vτ .
By Lemma 1 and Corollary 6, |CAn(τ)| =
1
2 .3.(n − 3)!. We will use Lemma 1,
Corollary 6 and Lemma 7 for our calculation. As for Sn, when δ ∈ An there is a
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natural number m such that δm = [1t, pt
′
], so by Remark 8 it is enough to consider
δ = [1t, pt
′
]. There are the following three possible cases:
(i) δ = [1n−3k, 3k] and k ≥ 2.
If k ≥ 3 then let δ′ = [1n−3k, 91, 3(k−3)]. Obviously δ′ ∈ An and we obtain
|CAn(δ)|
|CAn(δ
′)|
=
1
2 .3
k.k!(n− 3k)!
(12 )
♯.9.(3k−3)(k − 3)!(n− 3k)!
=
3k(k − 1)(k − 2)
(2)♯
∈ N.
Since |CAn(δ
′)| divides |CAn(δ)| we conclude |δ
An | divides |δ′An |. So vδ is adjacent
to vδ′ . Also by Lemma 7, there exists a positive integer s such that
|CAn(τ)|
|CAn(δ
′)|
=
1
2 .3.(n− 3)!
(12 )
♯.9.(3k−3)(k − 3)!(n− 3k)!
=
(n− 3)!
(2)♯.3k−2(k − 3)!(n− 3k)!
= s
(
n− 3
n− 3k
)
∈ N.
So vδ′ is adjacent to vτ .
If k = 2 then,
|CAn(τ)|
|CAn(δ)|
=
3(n− 3)!
18(n− 6)!
=
(n− 3)(n− 4)(n− 5)
6
∈ N.
Again we can obtain |τAn | divides |δAn |. So vδ is adjacent to vτ .
(ii) δ = [1n−kp, pk], p 6= 3 and k > 1.
Note that if kp ≤ n − 3 then δ satisfies conditions of Lemma 15. So suppose
kp > n− 3.
We consider the following five subcases:
1) k ≥ 4 and p 6= 2. In this case let δ′ = [1n−kp, (2p)2, p(k−4)] ∈ An and x = kp.
|CAn(δ)|
|CAn(δ
′)|
=
1
2k!p
k(n− kp)!
1
2 .2.(2p)
2(k − 4)!pk−4(n− kp)!
=
k!p2
8(k − 4)!
∈ N.
This yields that |δAn | divides |δ′An |. So vδ is adjacent to vδ′ .
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Let δ′′ = [1n−2p−3, 31, p2]. By Lemma 7 and this fact that p ≥ 5, we can find
positive integers s and s′ such that
|CAn(δ
′′)|
|CAn(δ
′)|
=
3(n− 2p− 3)!
4(k − 4)!pk−4(n− kp)!
=
3(n− 2p− 3)!s
2(kp− 4p)!(n− kp)!
=
3(n− 2p− 3)!ss′
(kp− 2p− 3)!(n− kp)!
= 3ss′
(
n− 2p− 3
kp− 2p− 3
)
∈ N.
So vδ′ is adjacent to vδ′′ . Now δ
′′ satisfies conditions of Lemma 14. Therefore there
is a path of length three between vδ and vτ .
2) k > 4 and p = 2. Since δ ∈ An, in this case we must have k ≥ 6. Let δ
′ =
[1n−2k, (2k − 2)1, 21].
|CAn(δ)|
|CAn(δ
′)|
=
1
2 .k!2
k(n− 2k)!
1
2 .2(2k − 2)(n− 2k)!
∈ N.
So vδ is adjacent to vδ′ . Also let δ
′′ = [1n−7, 22, 31].
|CAn(δ
′′)|
|CAn(δ
′)|
=
8.3.(n− 7)!
2(2k − 2)(n− 2k)!
∈ N.
So vδ′ is adjacent to vδ′′ . Now vδ′′ satisfies conditions of Lemma 14. Therefore
there is a path of length three between vδ and vτ .
3) k = 4 and p = 2. Let δ′ = [1n−8, 42].
|CAn(δ)|
|CAn(δ
′)|
=
24.4!(n− 8)!
42.2!(n− 8)!
∈ N.
This means vδ is adjacent to vδ′ . Also let δ
′′ = [1n−4, 22].
|CAn(δ
′′)|
|CAn(δ
′)|
=
22.2!(n− 4)!
42.2!(n− 8)!
∈ N.
So vδ′ is adjacent to vδ′′ . By Lemma 15 there is a path of length two between vδ′′
and vτ
4) 1 < k < 4 and p = 2. In this case we have n−2 ≤ kp ≤ 6 which is a contradiction
with the assumption that n ≥ 9.
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5) 1 < k < 4 and p 6= 2. Since p is odd, δ′ = [1n−kp+p, p(k−1)] is an even permutation.
In this case there exists a positive integer s such that
|CAn(δ
′)|
|CAn(δ)|
=
1
2 (k − 1)!p
k−1(n− kp+ p)!
1
2k!p
k(n− kp)!
=
(n− kp+ p)!
kp(n− kp)!
=
(
n− kp+ p
p
)
s ∈ N.
Therefore |δ′An | divides |δAn |. So vδ is adjacent to vδ′ . Again according to
Lemma 15 there is a path of length two between vδ′ and vτ .
(iii) δ = [1n−kp, pk], p 6= 3 and k = 1.
By Lemma 13, together with our earlier assumption kp > n− 3, the vertex vδ is
isolated. 
Corollary 17. D(An) has at most three connected components. If it is discon-
nected, then two of its connected components are K1.
Proof. We know that for any positive integer n, at most two of the positive integers
n, n − 1 and n − 2 are primes. Hence by Theorem 16 and Remark 12, we obtain
the result. 
Remark 18. By using the fact that the distance between any vertices of D(Sn)
and vτ is at most 4 (see proof of Theorem 10 and Remark 8) we can find that
diam(D(Sn)) ≤ 8. A similar argument and using the proof of Theorem 16, shows
that diam(D(An)) ≤ 10.
By considering D(Sn) and D(An) for some values of n we may pose the following
conjecture.
Conjecture 1. The best upper bound for the diameter of D(Sn) and D(An) is 4.
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